ASSIGNMENT 2: MEASURE THEORY

1. Consider (€2, A, v), where A is an algebra over {2 and v is a premeasure. Recall that
v* is the outer measure on P(f2) induced by v and M is the corresponding sigma
algebra, that is,

M={ECQ:v(A)=v(ANE)+v(ANE), VA CQ}.
(a) If v*(E) = 0, then prove that £ € M.

(b) Prove that if v*(A) = 0, then v*(AU B) = v*(B) for any B C Q.

(c) If F € M and v*(FAFE) = 0, then prove that E € M (here FAE = (F '\
E)U (E\ F)).

(d) Prove that for any A C Q there exists B € F(A) such that A C B and
v*(A) = v*(B).

2. Consider a measure space (€, F, u).
If {E;}2, C F, define

limsup E; = ﬁ U E;, liminf E; = [OJ ﬂ E;.

n=1i>n n=1i>n
(a) Prove that

limsup E; = {w € Q | w € E; for infinitely many ¢},
liminf E; = {w € Q | w € E; for all but finitely many ¢}.

(b) What is the relationship between Xjimsup g, and limsup, . xg,?7 Ask a similar
question about Ximinf g, and liminf; , xg,.

(c) Let {E;} C F with
> uE;) < o

i>1
Prove that
p({w € Q| w € E; for infinitely many i}) = 0.

This result is known as the Borel-Cantelli lemma.

3. If E C R is countable, then prove that \(E) = 0, where X\ denotes the Lebesgue
measure.

4. Let D = {d,ds, ...} be a countable dense subset of R and define

* 1 1
Prove that for every closed set F' C R,
MGAF) > 0.
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Consider the nondecreasing, right-continuous function F': R — R given by
1 >
Fry={ *2Y
0, x<0.
Define A\ in the usual way. Find A}, and My explicitly.
Consider (R, Bg,\) with A being the Lebesgue measure on R. If A € By and
xo € R\ {0}, then prove that
(a) A+zog={a+x0|ac A} € Bg.
(b) —A={—al|a€ A} € Bg.
(¢) zoA ={xpa | a € A} € Bg.
(d) MA+z0) = AM(A) and A(zgA) = |zo|\(A).

Suppose p is a measure on (R, Bg) such that u(A + z) = p(A) for all A € B and
all z € R. If u([0,1]) = 2, then prove that u = 2.

. Let (2, F, ) be a o-finite measure space and {A,}aep C F be a disjoint collection

of sets of positive measure. Prove that A is a countable set. Show by an example
that the result is false without o-finiteness.

. Let £ C R with \*(E) = 0, where \* is the Lebesgue outer measure on R. Prove

that F° is dense in R. Is the same true if A is replaced by A\p?

Suppose F € L with 0 < AMFE) < oo. Given any o € (0,1) prove that there
exists F, € L such that E, C E and A(E,) = a\(E). Is the same result
true for any Ap? Here, £ is the o-algebra of Lebesgue measeurable sets in R.
(Hint: Think about the function fg(z) = A(E N (—00,x]), z € R.)

Suppose E € L with \(E) = oo. Given any « € [0,00) prove that there exists
E, € L such that E, C F and A(E,) = .

Let f : R — R be Lebesgue measurable, that is, (£, £)-measurable, where L is
Lebesgue o-algebra over R. Prove that there exists a set of positive Lebesgue
measure on which f is bounded.

Give an example of a function f : R — R such that |f]| is Lebesgue measurable but
f is not.

If f:R — R is monotone then f is Borel measurable, that is, (£, Bg)-measurable.
If f:R — R is differentiable everywhere, then prove that f’ is Borel measurable.

Let (£, F) be a measurable space and f : @ — R be F-measurable. If g : R — R
is continuous, then prove that go f :  — R is F-measurable.

If f:Q—Rand f~! € (r,00) € F for all r € Q then f is (F, Bg)-measurable.

Let G be a nonempty family of continuous real-valued functions defined on R.
Assume that for each z € R there exists C,, € R such that f(z) < C, for all f € G.
Prove that the function A : R — R defined by

h(z) =sup{f(z) [ f € G}, =€R,

is Borel measurable.



