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ASSIGNMENT 4: MEASURE THEORY

. Ifpell,oo] and f, — f in LP(2) then prove that ||f.|l, — || fl,-

Suppose {f,} C LP(2), p € [1,00), and ||full, < 1. If f,, — f pointwise almost
everywhere then prove that f € L(Q2) with ||f||, < 1.

If f, — fin LP(Q) and g, — ¢ in L” (Q) then prove that f,g, — fg in L*(Q).
Suppose (2, F, i) is a finite measure space.

(a) If f,, = f in LP(2) then prove that f, — f in L%(Q) for all g € [1,p).

(b) If in addition to (a), ||fullee < M for all n € N, then prove that f, — f in
L1(Q) for all ¢ € [1,00).

(c) If {E, : n € N} C F is such that u(E,) < oo for all n and xg, — f in L}(Q)
the f is (a.e equal to) the characteristic function of a measurable function.

. Suppose 1 < p < ¢ < 0o and f € LP(Q) N LY). Prove that f € L"(Q2) for all

re (@9

Given p € [1,00), construct f € LP(R) and g € LP(R) such that fg ¢ LP(R).
For p € (1,00), if f,, — f in LP(Q)) then prove that |f,|? — | f|P in L'(Q).
(Hint: |a? — b°| < p(Ja| + |b])P~*a — b|] and apply Holder’s inequality.)

Suppose f € LP(Q), g € LP(Q), p € (1,00), with fg = 0 almost everywhere. Prove
that

1 =+ glly = 11715+ [lgll5-

If f € L'(R) and h € L*(R) then prove that ||fh|; = || f|l1||}]|e if and only if
|h(z)| = ||h||e for almost every z such that f(x) # 0.

If f e L>([0,1],\) then prove that

Tim 7l = Il
Given 1 < p,q,r < oo with
1 1 1
—=—+4-,
r p g

prove the following generalization of Holder’s inequality:
£ glle < [ f1lpllgllg-

Given 1 < p,q < oo and « € [0,1], let 7 = ap + (1 — a)g. Prove Lyapunov’s
inequality:

LI < AP LI .

For p € [1,00), suppose {f,} C LP(Q) and f € LP(Q) such that f, — f pointwise
almost everywhere. Prove that f,, — f in LP(Q) if and only if || f,.|l, — [|f]],-

Prove that L?([0, 1], A) is separable.



15. Fix p € [1,00). For f: R — C, and x € R, define

fy) = fly—2x), yeR
(a) Fix an f € C.(R). Prove that the map F : R — LP(R, \), defined by
F(z)=m.f, x€R,
is uniformly continuous.
(b) Fix an f € LP(R, ). Prove that the map F': R® — LP(R, \), defined by
F(z)=m.f, xe€R,
is uniformly continuous.
16. Suppose (£2, F, 1) is a measure space.

(a) Define the essential range of a function f € L*>(2) to be the set Ry consisting
of all complex numbers z such that

p{we:|flw)—z| <e}) >0, Ve>D0.

Prove that Ry is compact. What is the relation between Ry and || f||-
(b) For f e L>(2), define

Af—{@/Efd,u:Ee]:, u(E) > 0}.

i. What relations exist between A; and R;?
ii. Is Ay always closed?
iii. Are there measures p such that Ay is convex for every f € L>(, u)?

iv. Are there measures p such that Ay fails to be convex for some f €
L>(Q, p)?



