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Theovem :

Te  $d

u' = A (x).

s the FM of me homogenous  systerm

€T, Then P defined by

% 2%

$e0 = b [ 47, 8. dt

%o

® o  Solubon of INP of the non- homogenous
aystem, g'e ANy r B, Y=o
P\-oof:
Criven Thel ¢ 6 a FmM of
“‘ < AC‘:{). 3 @
let w8 o0&SUMR that .
b e
s a solution of ‘d‘ = Ay + B — 0O
¥ i a solution of ®-.
= l.P' e A !.r + B3
¢ = Adu + B —_—®
But ' = (tPuJ'
= ¢‘u + 4)«.' = @
Fvom @ and @© ,
Au ¢ * B = A ¢u + ¢u'
= B = éu
D a' = 4)-'. B
L 4
Y wixd = f ¢ (. Beed. dt
A
2
3 P> = ey . | ). Beo. di
L @
On the other hand ., 4 ¢ s of the form
@, then ¢ satisfies e eguation @.

Obtain  The

soln P ot the TvP,

“' = Q‘a + B whe~ve

Solution :
Step 1 : Find the FM  ¢.
(ongider,
9 = Py
)
LY a ] (-] ‘a.
4. o 2 - £Y
= a: = a.| - 4. = ex
] 2%
3} = 2‘331 31 = =
the M,
4} e e'l 2]
o ™
Step 2 :
to find the solution $ . fiest we
wmpute 4>".
-t -X
¢ R e °
{O e~2x}
We have .

s ¢.j ¢ 0. 2. db
Ae
- e 0 ] [sinat] at
4,,([ [ ) e'“] [m bt]

x
-t .
. 4>/[":,;"'"°t].4t
2 e . Cos bt



= w = C
-xh
To note - =D < ‘a - C
ax A
je"_ os bx = [ (O.Cbbb‘( + b Sin bx) Yy = c_.ex -__@
a%1 b?
+ C.
ar . ax xh
je . Sinbx = _e  (aSinbx - bs bx) 6 we hove g = e ¢
a2
a"'f- b % A
* Ca = olxed) = e ¢
TOA
Qo = e 4
-xo R
~ = e o
~ e * (—Sh\ ax - alop ax) + C = ge
- e 2] + o?
*C‘l) = ’: ea-] ax
= ) -x.A
_,e__ (-z(n& ax - gg§in ax) 4+ C, D ‘d"‘> = e== . e b
*+
4t a ACx~-Ao)
a(r) = e - G
$@ = | D> ¢ = _a , oz 6+b°
' 1+ a® 4+ b? 0
@ Let b: e
1,&) - T'I_o_" (Qe"_ (Sinax - o Gsox) 2 4)' = Rexh = PR
| 1) &% - &5
“’—b'._ ((G\-b)e + bbin bx 2-(0&6) = ¢ T b of %I= A'é.
Consider x
[teem.at
det () = det (P(xa) e *°
A {rem). (= %o)
Theovem : = Je(:(e% de o
The general  solution of g’z Ay e )
where A 5 a wnstant matvix, i D 4) s o FM.
xfA
oo = e .c whexe c is Note :
A
ex = T4 xP4 _3'_’.ﬁn+....
2!
axbifvavy  nstarst  lumn  vector.
® 4 @ satisfies e imtal conditon g =yYo for e9,
. cx- %) A
then the solut on is a(:) = e -ao. ‘uPPO&e h = )‘Qr o:}
o Qa

O Te F1 of O s e

e S 4 x| O]y ar)at o
o o G, 2 ]lo L
Proof -

Qa
a4 Xat 4 o
Conside~ 4 = Py — 0 = >
- 0= g By & © 14 X0z 4 _‘I;a.u....
-xh
let ulxd= e Y ")

= Cta'-hta')- e'



leck -5,  Mar - %

Theorem :
Considexr o  yectow differential egn.

g’ = Pqld, x €1

— 0

wheve A is an nAxn onstant matrix.
S I R, A, Ay, ..., Aa are  weal Jistinct
eigenvalue of A andl S, Oy, ... , Va ar@

the  covvesponding eigenvectors  of A,  then
A2 A3 X An X

e v,e Jy. veeen , © Vn for LT soln

of O oad e gen-  goln of O is

PN
g0 = Z ;e .u» CGs are contn

@ I€ Ay Azpee-e, Am, M are  eigenvales of

A with nultiplcity N, Ny eivee, Om , oheve
N+ N3 + ..... + Nm = n

with  1re (.Df'ves’:ondin% e;%ev\ialue . hen
the soln 8 a'.ve.n Ba,
x A
g¢x) = e ST
nox [ ones 3 3
= 2 e [i ._?a_(g—n,-s')-}C;

=0 5!

whevre yl@ = ¢ = Ceu ey ... , Cn)

Proof -
Given  that v =Py . Roxn matxix .
L— 0

xX
let w  assume that gtxd = e ¢ s a

sokn  of O. ¢ is o non- zex® wnstant  vector.

AX
> (p-re)e Vv = O

(h- xg) v

|}
o

lA- x¢g|

o
®

Then  the chavac. eq and has n ~voots.

Case !
I€ Xew Xgypeueey An  ave distinet voots o
6, ten  we have n LI eigenvalmes, ¢, .... VU,

and have ,

nNx AnZ
e %, .... , €& Fn axe n (1 soln

ok the system ©O.

— Nx
THus e gereral soln s g = 2 cce %

Cose 2 :

Suppose Xy Nayp evee , Am ave eigenvalue
of ® with multipied a, 0y, ..., N, sach

that n = Nia Nat .... + N

T€ AL is an eigenvae with  mulliplcity N .

ne
then (A XE) @ = O

et x € R" be fire Subspace  spanned by
the eigenvector 9.
Then we have ,

R": % ® xa@+t..... &xn

Any cﬁlln, €= C+C+ ... +Cm , G €X ..
we J¥now  that
xA . n
glxd = e .¢ s a solh of ©, c€R
=P
2 e SC;

;) NT CA-» EDx
e e e

= B4 x(A- N E) &+ _zl(A-XEf
2!



(s-NDNG-¥y -4

=0
(8- »EY¢ = o, LIPS > A o= 1 6
£YY.) Aix "t . J
< = =x_ - 3
e .c e [-ga :!‘ (a- 2 )]c,_
Step 2 :
" xA
D ylx) = _2' e e To  Find  the oiaen vectoss ,
= 2? eﬁx[ ----- -]Ci when A =1
Consider (A-Xx1)0 = o
=> s=! ¢4 ¢, - o
' 2! +a o
8"’&2':
Compute  the eigenvalue of A. = 9, +¥2 =0 = (u-)
v = C
=/
Step 2 :
Case I 1€ Ais  ave  distinet, then When 2= 6,
A x

e L P c=q,. n

S— where [ 5-6 4 Y - ]o
) 2-6 +.
9 's ave the eigen veclors , axe
the. soln  of H"— A‘%. [“ 4 vy - [O]
. -4 va o

Case 2 : JSuppose The eigenvawe howe 0. = 4, ¢a =1
multiplicity, v - E"]
'
For example, "N\HPUc.Ha 2.

A
The &econd LT  soln i e [\r+(n~xf.)v]

(h-2e)'¢ = o . g Py
but, (- 2e) ¥ # o PO
o+ o
© o 2
Ths  process  can

be vepeqtedl fox

. ) x
othe~ eigen values. 2. Detexmine e and

A - 2 3
<

o -2 [}

o 3 o

4= Py

ne 5

Colution -
Step To find Yhe eigenvalue .
Consi der

(A- xI| =0

-2 &
LB T




lect -6, Max 19

We 6&oy that  golution 40> of a‘= ACx)- g s

pesiodic  with  peviod I, glxt w) = 3=,

I e  motrix Alx) &  &aid to be

of Period W i Alx+ e = PAlx) .

Theovem :
The sgafem y'= Alxd.y admits non - 2€¥D
peviodic  solution of peviod o

w

A
&S E e 3 Sl‘ﬂauh\',

wen E s default  madtvisx .

p't°0€ Q

we know that the Solution of gl= Plx). 4

gn
is yxd> = e .c , c #o.

g 6 peviodic € glx+ w)= glx)

(x+e) A = A
P e = €& .¢

=A A =A
& € .e ¢ = e .c

xh wA

c [E‘ e ).c = o
i
S~ =0

det (E- ") =0

wf

E- e s sing ulox.

Theoxew -

let the wmatrix AlX) and the function

B be  wnHaubus amd  peviodic  with € R.
Then  the diffexential System,
ﬂ' = Plx). 4 T  B= (O)

hos o  peviodic  soltion .

wa) o Pefiool w = gl = glw)

Proof :
Suppose @  has o peviodic soluhon ()
= gl w) = 9 ()
= gled = gl
Corvevsely  suppose @ has a soln  yixd) st
g(®d = Ylw). Ten we need +o prove that

% 16 peviodic, .e. 0o evove that.

gl + D = gl

let vwixd = uCr1w)

Claim ¢ is o son.

¢'txy = U'C‘xf W) = Alxs ). glr+w) +8(x+e)

Alx). v(x) + B(x

= U is a soln .

and vlo) = ylwd) = 4l
= vlx) ~ a(x) {.'. ur\'q,UGF\ESS of
soln
= a(x‘\'w) = aCx)
<= (E- e.“’A)c = o, the howe a
oh non- teivial goln,
det (E-e“) = o
= E - ewﬁ $ sinaqla'r.
Theovem -

let the matyrix A be wntnawous and
pexi odic with  peviod 9. Fuvther tet ¢Cx) be
a FM  of the differental  sysiem,

g'= A . g —_—0

soluton

Then O has a&  non- Frivigl eeviodic

ald  of  peviod w & det (ply- ) =0

E"90€ :
1

Civen  that g'= AD. gy and ¢ 6 a FM

of O —0



We krow that () = ¢lxd.c s alo a sdn
of @©.
we know that 3 1 periedic

E ylod = ylw)

& Plae = ). e

& (P> $pa)). c = o

& det ($lo) - d)(w)) s © Cor non -1vivial
-

|!§012m:

Let e matwic  Alx)  be  conhnuous  and
periodic  woith  peviod w & R. et P  be
e FM o8 me system

g'= B g+  B(xD

Then @ has a  umgue peviadic  soubon  of
pediod o,

& the ggstrem v'= Alxd. gy dees  wot

have o  pewiodic son of  peviod wo.
Proof

Criven  That <P AT S § FM of o': A(a)-'a .
tek x, =0. wWe have te golubon of O as

x
4lxd = C.o(x) * tp(t)./«p-(t).B(t)- dt ,
?

o€ ejen .

c s some

g s pen'oo\\'c S gloy = gl

= o) = .o Pl 4 ﬂw)jp—'u)- Betd- Jdt
°

o

> [pd - $lwr)e = $rd. jq,"te). BL. dt

s has o non-Ahavial  coln
<> det (¢)- ¢ptw) # o.
Y o = A(r).-a does not have

a  peviodie soln.

Let the matrix AMX) be  continuous and
periodic with  period we€ {R. Then the
-G:lbuﬁnca holal .

@ T ot vix (0 = 4>(z* w) s also Q

fMm o the System, 8 = ALO. g-

@ Thev@ exiets o ‘oev(oa!\c non - S'Iﬁou.( T
reatix P(x> of peviod w and &
cnstant  matyix R such that

R
4>(-z) = P(. e *

Result -

Let A be o non-_ Singular matyrix . Then

theve exist a  matwix 2 Such that

A=c_e

2. ¢+ pe P s pevioolic and R s cont.

Proof -
@ biven that ¢ s a FMm  of  4'= Ayg.

o prvove fthat p = plxr B s o FM

Consgide~ \F'(’) = 4"[2-0-:-0) = R[’X'lw’).4>(’-<1 wo)

= Alx). P

S ¢p s a soln of g'= A.g.

det [¢0r)) = det (¢('£ow)) # 0

S @ is a FM o 3'=A.3



@ wWe keow that D ad  Plxrt W) ave
M of  4':= Py
wWe also  know that Ory  Goln.  Qan
be of the form ¢, ¢, wheve e s

non- singulav . i€,

blxr ) = ¢ $lx)

-Rx
let P&Y = $i. e
Ruw
Since C s non-singular, cC = e
Claim : £ is peviodic
to pvove that , Plx +) = PCx) .
-R (x+w)
considexr , Plxr w) = ¢CI+ w). €
-RT - R
= 4)(*3. c.e . e
R - - RwD
e b e e e
-Rx
— 4>('-') . e
= Plx).

= P s peviodic .
P : 4. e-az
= # = P.Qaq =

'Theo-cem ]

let =) and R be the matrices as

H
Floguets ftheovem. Then e  transfovmation,

a(-x) e Plxd. vix)

wluces the  diffevental system = Alx). y-

to v = Re with wnstant cwoeff . malwix

Pwook :
we Koo that ¢ & o M of

g = POy —_— 0

8.6. F(oq,uetfs theovem we have,

¢ - P.eﬂx

b s o smlution of O = A=A

= CPGRQ() = F(P.eh)
S e P e pre”

o«

=) eex CP‘Q-PQ‘AP') = o)

=) Plearr-AP = o
e-pP = PR —— B
Consider g P3.
g = Py
S (PN = AP
S Pos P! = AP.v
s (P-8PYY + P¢' - o
= -PRY TP < o {fom ®
BN v'-Re = O {e uo«-}
. b'lnﬁu\uv
5>) v o= Ry

Theorew :

let all +he soluton & the
diffevential  system , ¢'= Py, YxD= Yo,
A s a cwnstat matwix be bounded . Then

all the solutions of per tu~xbed system

g = (A+ BBy,

Blad 73 an  nAXn  matwix

conh nuwous elements
by L V45 & n in the intevval [0, ),

wil  be  bounder, provioled

o0
jll B(n”. dt < eo.
Lo



Proof :

we have = Py v constant. Y(zo) = g.
L ®

Wwe \wnow that solubion of @© s of the
foom e T¢ 15 given tat  soln. of ©
‘6 bounded.

=S 3 some wnstant ¢, such that

fe™ ) <
we have the pertax bed System,
o = (P+ B g — ®

The solution o @ is

By

4 <

(z- )P [ -At
gd = e g + e fe . BL® y b, olt
1.
L. 4
Cx- %) tx- 8P
= e ge /e . BLO. g ot
Lo

<
gl & co = cjlmﬂ D lgted] . at
L &9

Orvonwvoall

‘neguolity,

x
Jueesq. ate

Xo
Co €

N

| gey |

i~
[

L 4
fllau.)n.at <0

Xe

Theovem -

let all the

soln  of the oliffevental

sgstem 0's POy, glxod = yo be  boundeol
w  Ixe, o) and the condition ,
jlw.t) I dt < o be satefied ,  fhen all
the seln  of te  pevfusbeol  systes,
g = (D v Blx)). 4.
ave  bounded in  [xe, o).

provided

x
(im in€ ij A .dt > — 0
n=—) o
Ao

or , Tr (ACx = o.

we know that $ s the FM  son oOf

g0‘= A(!). 3
$ = _Adicdd
det ($)
= Adj (4
det (). exe ( fhtﬁtt))alt)
Xo
Then  bon $ and #I ave bounded
{ since  soln  is  bdd
ad Jue %0 given
condt. '][

¢ max { s gt sl | )

we havwe the

per‘hnbe:( system,
B = (A« B(D) 4 — ®
x
pbO < e + b [ e ge). dt

Yo

A
© Gl Plre) Ly ] 4C8)- 970 aL-de
e
x
lad | & coe Jnen)ll- g |. ot

Ao

Gy OiT,
=) Iyl £ Co. ea:p{cq.fl) B(t) ). ot :']

£ k.

Missel o Lewo  |ectuves:

— 25 - Max

— 26 - Mar
Attached TS ot  the end. Soxvy. You can
igrove  my netes from  heee ard  scvoll  to

hevs ol fhe end.
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Pwew:h'on ]

let all the woots of The  dovactexistic egn
of

LCy) = a(n)q- a.a(n-)+ ciee 1 Qay o
where  ac’ ave Some  constants, hav @

negative veol pavts  and et evo be  &uch

Hhat -e > max veal (&™) cohere

itgtm

MoNgp coeee Aum ave distinet ~0o0 £5. Then freve

exists o constant ) 3 such #al
-8
lgtxd) £ Ke , x 2 0.
Proof :
we have a(n‘) Iy a, a(l‘" + + Q“a = 0 _——0

X o+ aA 4 + a0
Suppose ) IPEE VO , Pm be te  voots with
mutbplcity g, v G s.b 9, 7Qe4 +Gmzn
Let Ap = ALy 4 i@y, 05 Veeen, M d; < o.
Let 4, (0= x'g"” Ot prey , yIlew , M
onst dex

4, . 5 (s LR)T gx
gicde R z’ehxe f S z' e e
Note* dj* § <o
| g > € , _ l F ot +4)%

T o K Such  that

4x
sG> € | ¢ e
Ix
= l-a‘ (2\) s k‘i. e
we know that 46 = 5 Gyl
l40) = Z o g oo

"

Mar & Z Hz(-r)l

- &
lyen) ¢ mox ccTuge

L Ke""

Theovem :

. Every sotion 3= Pexd  of 2 = Ry is stable

of ot e eigenvalue o A have neg -
<xeal part:
2. Every Soton  y= b0 of ¢hAy s

unstable i atleast one eigenvalue of A

has  the veal paxt.

Pﬂo?z
we have 94 = Ay — O
we know thot ony solution ¢ of @ s
xR
QL‘X) = e $ ().

“h x P

let  §; be e i-y wmponert. of e

Then ,

n
gy = "2‘ b, Yito) (=l n.

let o8 ossume that the elgenvalwes ot A

hot  negativ@  weol  pavt . let - a ke the
lavgest  negative  weal part of  Such  @igen value.
Ther., T e swh ot -d, ¢-F <o

By he preims (€2)  pvoposition, TF k >0 st

[65m0) ¢ k™
Define It Il = max f'se(x)’ R £ P n}
g )) = max | ;)]

= wmax \ 62:' +i) ). \Pi Lo)l

n

~ -fr
max | Z kK.e . i (o‘)l

j:4

= nk n\r(o)"
€ ne Tyl < &
< ] ho! = £
T ., £ chow & £



e, gl < ¢ when Nt < §.

Any Solution P suf€ficiently close to The
eguili brium past at x =0 remains clese
Yo it nfalte Hies  as well.

D ame  soln is stable.

Preot -
let x be any pOsi Hive eigen vale of
™en
A
pw= ce .V
when ¥ s The Cigenvalue.

A'.\,“ — 0, x — oo,

l[ ‘al;x) u L] n ce
= the soln 18 unstable.

O plehy oen A=(3 %) i unstable.

® Detexmine  whether  @eh  solution  gylax)  of

Suppose that o solubon o) = (y2d, g, x>

of the dw€erental system Y'= £(x D, U>‘: £ulx. 9D
1 J

—0
¥emains  ino  boundadd vegion of 4 ya plane
which  contains  no  gyiticol or eguilibvigm  points
of O, then its dvajectory must gpivml into o
g&imple closed  cuvve ek isel®  is  The

+ojectoxy of o periodic  solutior.

led u~e tncompletc.

'u‘; Py when A = + o ©
-2 ~ 2
-2 -2 -
Lect - nee , ppr -1
1
9 = L£,(x, 9
— O

"

a,‘ €, (x, 9)

A closed 4« q‘,‘eefo-nq o  the diffevental  syst.
O, which s opproached  gpecifially  either
from  nside  ov  from  outside by a non- closed
'h'a(jec-i-o‘ra of @ o5 X —> 00 ©O% x — =0 s

alld o (mit exgele .

)
Z

NN

M igsed  |ectu~es :
— 2~ Apx
=) [ Hp’r

Added Is handworitlen notes  after this.

Sof'na ‘
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