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P're.v‘wushd leaxni :
— Math moc!oluna
= foxmulag for DE
= Solns foxr DE
F (I- a, U‘) = Q
4 = ¢C¥)
Flx, ,4¢) = o
d—l = 22 i’i z (o}
dx dx?
4 = x® 4 de = ™
dx
4 = mx +c¢
Flx, 9 'd" .. , aL")) =0
Soln.  contalng  n a-rb'-i’-rq-:u nstants .
L= Genexol soln. of DE.
— wWhen  asgigh  pahieulos values for  avb
consl . we %et po~ Hesdow soln.
F: R — R
ni
F: Tx R

—_ R

Classificabon _of DE

= Voxioble sepaxation

— Exoct equation

= Homogenous equoh on

nbOVQ ~

- Ana othe~ ~xeduces 4o the
éi = F(S’, "d)
dx
= a(z). h(u’).
dy = glx). dx
(NON)
Soln is  obtained by integvation.
[~ C!.-a,«ul) =0
- MCx@)-dx +  NCx,q)- dg

£C). glg)- dx + Flx). Orly) dy

£Cx) . dx « OCY) .dy =0
Flo A
T.n’rea-r ode E™ aef soln.
D' = - (3g + 2)
Ay 2 @) M
34 12
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(-0 g Az -~ x2 (gD Ay =0
dx | (x-0) = dy 83
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FC:!, 9, tu') = O

M.dx + Ndy = O

This s satd Yo an exoact DE
F o func.  Fly9) st
dF = Mdxs+ N.dy.
AF = ’9_'? . dx oF . da
8= o4
Sop ™ o QE ’ N = Qﬁ
Ox 9
Theovem:
Congidex  the O,
M.dx + N.dy =0,

whe<e M, N ave port.  devivs

points Cx, in o veetangulov

a> X +he DE is exacl in

oM = ON , N &y € D

93 Sx
WD convergely, Yy

oM - IN

B¢ O«

fhen the ODF ‘& exoact-

Proot:
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Oy dx
shou\d show DE ik exact.
=» TOr 3 ¢ st. 9E . ™M, 98_&,: N.

= Pggame F o fanc, F > _8_"- = M.

X
So,
F = fm.ax + e

3 = [ [mdx] + Bbcp

3 - @lme o
$°,
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dé i indep. of x.
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.. -oldz 4 2%y d-a EX-) Te M.dx + N. d’? zo, \s a ‘\Omoa- DE,
9. 32z + 2x dy =0O

then ctwnae of wvav.

oS 9° VX
x

PranCorm  the DE Jnto

3. 22. Sing =+ 'u'se
™M

x
Cdr o+ x'Cosy + .'n,’e AU =0

Cepcma.ﬂe eq .
N
™ e Na~ - . dx .
Proof :
Jon €. Leeb- 2. Ay = £0x, 9.
a ee we  have ?3 £(x, v)
Solve - Gwen  that & B a homog eg. avadl
v (Bx 't huxg) dx + (z-aL’-fan’)ala =o hence we  have ,
v Oy faxg) d v (221 2P dy <0 %1 = 8(3)
<
L Mdxs Ndy =o 8 = Ux
oM = 4= 9N » 4= dy = v+ x g
93 ’ 9x Jx ol
8 = ™M, 9F - N. LAy = gld)
Ox 5 = 8%
- o<.34- az’a ¢+ 4+ x.d¢ = glw
2
FN = Q'X'za-b b
s B - x”t Q-z?-d fdz. x.d¢ = a(.v')" v
olx
dv = .dx
¢ =
M = 31 f-’!a 86”
ds
T—nﬂﬂwaie +o ae,t soln.
SN = 2 4+ exy
O«
JPe. dx
TF: e Selve ,
_A_’l = '3314&3’) = By *axy’ CQ."I- '6111'){1964 (?-x:))"['a =0
2
dx 23 3%y 2 (2 +2%Y) Ay - ya’ . 89°~y
dx 2xy 2V
AlM.£(ay) - AN, €03, D) 2. dy - ast, v
93 O i 2V
2
M. OFf . £ 8M = N.OF 4 £ 8N D ylext= X
9!! 95 9x 8x
2
(34 slbxg ). 95+ £ (31629 -
53
(27 +32%). 08+ £ (24 bxy) Elrigrgs -oonp g =o0.
[0) r“r\ = F(z,a'“, “-“"d“ )
R £ = i



'3(7‘0') = Y
“‘(Xos = 9.

a;ﬁ&xo\ = Jaa

Wwhen Yo, ooney a — axe
15 the wirnal  point.
t. Existence

2. Unigueness

a. Stabili “a

cuwen on

rot  Satified

’

T¢  Flx, 9,49 ., -, 82 =0,

o },omoa. Lin. eg n of

on T , Then HL A can  pe

FCti gy --oc ™) T auld.yg +
= O

constants  of o

well - posed  pyoblem .

e
- posed problem.

leama
Tt £ R“—-‘ R it a lnpeax fLunc., Then
My )= Q4o oo ¥ QR ,
whex @ Qo, -e.-- , Qn  Qve wastants  of
x = (%, 22 .eeo., xn) & R
Let  {e}. be the bacie of
R".  Then, any xe R" can  be wyiften
as,
X e, + X2C3 Fer .. 4 XNy
F(D = Flex., +-- - +  T.en)
= g, Fte.d + .... 1+ =x,.F(en)
= X Oyt e b Tn Oy,
Theorem

x €T is

ovde v - de £ineal
wrten Qs
a, (.4 4.+ Any

Lox eocch X £ 2

func.

whe ~xe Qo,Q, .cc..

axe  Some defined on T.
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and  Unigueness Theovem

-?ol(»ow'ma equation,

b zaslxdg”+ a6 b“" O onca £ a,.(:r)aa
L—— o©

be the p" ovder Llneav DE, wheve a,.., a,
and b a<e wnt: teal wval: Lunctions on a
veol iat., T= [a, bl and 0.() F o ¥ x€T.
let 2 be any pa<t of T and Co,.-., Can
be  ong ovbitvary ~veol const- Then, F @
unigue  goluhon 4; o€ (O Such that,

$(x) = Cor PGy onn &=, =,
and  the solukon ¢ is defined over the

entive wte T

Theoxem : Supevposition  Principle

let L, (g) = b x), L=, e, ¥ be k dieg

non- homog. [meor DB of ovder n, woheve

Lale) = Qg " t.coo. 4 Q. Ny", ao# O.
L——

o ang = € T, (a.,..... , Qn) ave conl- £funcg.

of X defined on T. Let 4)': be a

LS
pasticular  soln.  of ® . Ten 2 CGd; s

K
o pasticular  soln.  of  La(p z = & bilx
v

Proof

Given, $; is a particular soln.  of ®-
= LlaCd) = be

soln. of

To prove that 2 Ce d); s o

Lnl = Teibe.



Wwe have,

net o

Lalg) = Qoyg" + Qg™ roooen 4

Replace ¢ by = o b..

> La€Zccd) = a. (S'c:dn-)n ook a2 )
] dr Gl o, b |

> e, la, 47.“4- o, &, 4.

+ Qndh.} +

e+ Cyg [a,ocp."\ - q,etk" e+ a,‘q):]
= C-B- + C;bp ~ .. ... % C“bk
= Tceobe
Hence, Sc:d:; s a soln of L.l = Sec:b:.
d4 + Py = QW
dx
Cag@ L: Q@) = o,
g'+ Py =0

Theoxem :
s

Consider ' +py =0, iwheve o i« a complex
wnsEant . TE c € €, then the fune. P is
delinedd by dxd = ce-P’( is o soluton,

and  moveover, foxrm.

every soln. has This

P-roo'e'.
let b s s a soln o g4'a Py = 0 .
- |
< b= ce pr o
Suwppose d s a soln of O.

-p7,

Convevsely, sumose = ce
then '+ pp <o
-px -Px
D -pc.€ +  pc.e
= )
-px
> ce s o soln of ©.
Cage 2:  g'+pg= Q.
Theo~em :
Congiker  the OE , U"r Py = Q) , where
o= C, ond Q is o cont- Lunc on TH
inbv. T. TP Yo 5 a point in T and ¢
& ang cwonst., Then the fure. @ defineal
b" x
-px Pt
¢Cx’)= e . Je . Q-dt + ¢
Xo
of  the O:an (»)] and every &oln s
of  this  form.
Proof -
Let ¢ be Onn soln. of 'd' + Py = Q ().
24 47'1 P¢ s Q
Px 0 t3
S e (g'apd) e e pm
1 P
> (7 = e . b
x Pt
> e ¢ - _fe . Q- dt tc
5 b= o ™. fep'- R(-dt + ce™”
. u‘— Q-a =)
q z
2. b + 'a = e
2. b‘ -29 = x’ 4+ x
\ -
k. 2y +t g = 2e



Cose 3 : 4' + plxd. gy = O (x).

Theosem

7¢ € and Q@ ave cwnt. HFunes. let A be
anyg wot- Sune, whe~e 6( = P. Then the
Sune. &  given by

<

Je™ Q. dt, « e 1

Xo

-AC)
6y = €

6 the goln of 1the egn. Y't Py = Q on T.

The  fune. g given by, L— ®
—A(x)
diw: e i6 o soln of ThQ
homog. egn, y4'+ plA.y = O.
I¢ ¢ is ang constant, ten s cd, s

a golution of O and @vevy soln of (0] has

the same £foxvm.

Jan~ U, , lect - &5

2
-AMXD Acd
4>£=> - e /e . Qe dt
e

¢, LN Q-Ax

b+ ch,. 8 the Ssoln. of '+ PhAY= A

“'r Plad. q  ~ Q=)
let 4) be the So luken.
we oave intevested in finding o ‘' sueh
Pat (o é)l is  integvable ,
) = uldp's ph)

Giver that PXD 18 o function, wheve A= P,
> A JP&} dx
let ws= eﬁ .

(a$d = (° ¢

eA¢' + d>e‘. A
e’(p's p)
e’ am

=D Le A ¢)l

D (en4))l = eAan
e -« Jet am.dx +c

> ¢ - e feA.Q.dv sce’”

¢ Q=0, then ¢-= ce™ - b, is e

goln of y'+ py=o.

T#¢ C=0, then ¢= e-qje-a.a.dx is o

pxte. soln £ @
3 $- ‘I’: s the gen. soln .

= G5 = soln of homog- eg9, +
paviel.  soln.

Find  all the solutions.
L %‘ + 2%y = X

2. U‘ 4 Cos (x)- g <« Sinx . Cos %

3. 9 + eia = 3e
\ n' + ?_tzfa = xX
P= 2x, Q= x

e-“ fe A . Q(x).dx

2 2 -A
-X' x
= e, Je ~67¢ dl + ce
_*2 ‘i -A
= e P r ce
2
2
~x
= 1L + ce
2



Cos Cv). % = Snx. (osx Soln-
ompaxing the  gqiven DE  with
= losx Q= Sin 2x o+ Plad. g o G,
P
A~ JPdc ¢  gigx = ITF
P= cos ,  P= Sinx
-0 A ~A ~8in .
nS > <b-— e /G.ad'r - Cce Q= e
—5i .
= e X Je‘mt-s:m (sz. da
~-8inx ~8inx Sinx - 8imx
+ Ce b = e e .e .Jdx
-8ime
4 ce
-&inx
Sy = o = e Cx +0d
da L) Cos x. a.-t
Q
€ i a.da =+ x e dx W W = mirc
- e (x-0 W= me+e = c=0.
-5in Siny —Sinx -Sinx
= e [6 (sin1 -:)J tCce Lod = x e
< (5“”1 _'.) ‘ —=3ina
Gy Pl = ®™k +¢
dlay = ¢
3 U' + eq.a = Zez R 4)(1:&)-— d:Lo) = Tk
P s et ’ Q - Ze'
A= e*
-A -A -A . "
0s = = e Je .Bt).dx+ ce = 8'r Pld.g= QGd.y
et te? x _e™
= e e .3e dx + ce Theo xem
e = g Suppose  nfo, ny i, then the
- -Nn
= e . 3e 4 ce trans foxvmarion , ¢ = Ul ~xeduces the
.—&“
= 31 ce Bexn. Eq +o a  linear egn 15 .
Proo®
Consi dex the DE, we have ,
~Sinz
gt Cosx .y = @€ " p'+ Plx). g = Qx).y" — O
i Pind the soln @, which satisfies $(r) =T, = {“.3‘ + P&).a‘m = B(x) — @
2. Bhow fhat oGng Som. @ has The pvoperty
that blred - o) = Tk let v = UM\.
-n
dy = (rmd.y d4
ax da
2 .dv = ow . dd
\-n dac da



©— 1 ds » Ps = @& 5 2' = 92 a2py,24p

=" dx
= BC:.P-c" + z‘) + fo)
dv + C-nPy = (=M. 4
g; — e ——]
D dz2 + (2 +9)z = = d2 P2 =@,
§ J T Per +2) P dx
£ _‘2\_"_ »> Pe = Q,
ox
g = 8- 29n
P =¢, 7/5 -2, b BT
Solve , _ﬂ + ¢° Ins g =t ‘s pox €. soln of 0.
dot
Seln: feog =g, #0270 will transform egn O o
-3 -2
v = 3 = 93 (ireay
ég + P2 = @, P = aPy,+e
L d "od ds .
1 . avy . . o\¢ = 2L de¢ . R=_-pP
37 dx ¢ o 2 dx
i‘_’. — 2 v = 2x Ltk 2%. 19 = 2-2 =20
dx
QA= =
dz = -1, =5 =2ec-x +C =z c-x
dz
a‘ = Plx). ~0"1 %C:r)' & * (x> * The soln s 4= 9 2"
= Vs 0
C-2¢
¢4 M1z’ Wil Avansform  the
egn Into 2. Theovem :
let ¢, by, ... ; Pa be n-  functions
defined on T, then we 8ay thal,
Jan-18, lect - 6 P oo b ave LD of 3 comt ¢,
not  all  2evoes Sech that.
¢’ = P -yt gdy t ¥xy —@
C‘. ¢. + C,. b’ *.. ... * C—H ¢u =0
3 = g 12" Will  ~educe the egn
to o linea~ egn in 2.
let ¢a' ¢3 Foe ooy bn be n ’C'J.nc""‘O'\S &e??fpd on
> 3> oz T, and seppose  that they ave  diffr. (n-1d
als g, - =z Hmes, +hen the h ™ ovder detex minartl,
-
o b, --.. ¢-\ s Rnowon o
Then, @ — 4.'- ;Z;g PCg.az') 4 g[:ha-?)"-\, $ 9, ... d. Wronskian of
P ¢|,-~---, bn Rnd
- n= nt n-t
= cpa,z¢1a| + Y) E 2P8,2-| 0-’9-14-22 ¢| % S ¢" %‘wen \!a
CRTI z-LC:.pg.z-n P+ .l.) wld.., dn)l»
2



Theo~xem :
Le{" #' 4 ¢21 =
de Gnedl  on an

, ¢7\ be a Set O{\ n  fures

nwterval T € R, and |et

each Lunc: be diffr. N- Eines on T.

% the Set of n funethons ax0 LD on

T, fthen The  wryonskian,

-

W (¢)1-'" . ¢n‘) C&) =O on I

Proof

¢'I ¢2I""' ’ ¢v\ ave LD.

(riven:
So,
ze-ro.s) ~ &5 4.

fcﬁ&_‘ = 0.

» Ja @t al

C-d).a—

o @r + ...

Since b,  ave have

difey ntable, we

fendh =

s Cage =0

c, &
[ {>,'

.

fC;¢2 .-

“+ c,,{;;‘ 4

net

cl¢':-l 3 qhw' L. ‘.C"i)" = 0.

T

X = Xe, Lo érC!o}, 4’;(3(0)'--'-; ‘#n(fg)

For any

We knowo tat ¢ ave nob  all zevo.

A 5 o syst- of  egn  havi non- 2exo
3 ™

soln ¢

This s possible, it
5 DO ..... . Ol

. = o.

O (D ... . P ()

b)) =0

D Wl , by, ---

Since Xo is axbitvony, we have,

wld., ¢, .... x €I.

. b x) =0,

5499059 6.. 6: £.6.
$a(xd # 0 on T,

W(.él:b;) =0 .

&4 - b b -

d : =
(%> o, 3

= O .

2n 4>. B Cd)a

= bn Cq {?; ove LD.
L[j') = a' + . 'al +- a.,a = 0
Theoyem :
let a, @, be constants and  consider the
egn
LCy = 'O'I r Q..a‘ + Qa3 =O.
T€ ¥.,v, o~e distincl. ~ooks o the
chayac . eeyn.,
Plxd = ¥+ g s a,, then the
-cunc., 4)-’ 4)2 definead by,
i
¢x) = e ’
4:,(9() = e’.‘z -
ave soln of L(y =O.
T o, s 'OEpecrleo‘ Soln of  plxd., hen
The 'c“-"c'/ d’t . éﬂ ’
' X T
b= e’ b, xdD: xe
ase  seln.  of Ly =o.

wLJ).,

$)



Proof

Suppose, we have a  Ffirst eovder OE,

= a\ A0y <O,

Ben we know that,
ce™™ s a  soln. wheve (-AD> s e
$9l.n. Q‘(‘ Y1 Q = 0.

X
we know that i€ we diff~x. e ang times,
we Y eonly X consl. wmuld. of o',
This gives an indication that e™ could
be o sdn of L(g) =o for Some x.
Cev\S;dPN -
LK o 2 v
LCe™™D = 'y g, v+ ayd e
< Pl . e"
vt w

c could be o soln of 94 +aqui &,9%0.

D PC‘I) =0.
By Surde. xheovem, P(:D should  have +fuwo
v¥oobts, oy T, V2.
Cose (: Suppose v #F ra.
Y X
Then e v e ave  soln of Lly=o.
Cose 2 ° Supp 0se M=, =¥,
= pPL¥d = o, P =o.
Conside . D Le™™ - L.] 8 (")
&~ [
= Llxe™)
Le™ » P, eF
o Pe™ + peA. xe™ o Llxe ™
GYKCP'CV')T o). x) = L(xe™).
Sice Pt PW) =0,
Lixe™) =o.
a xe™ & soln of g

:ran 24, Lect - 7
Waonglkein :
o, .. .,
w ., &, .. - R . -
bl t- - = bv‘
b‘:. """ ¢r\
Lly) = 3"+ ay' + ay = o©
~,x -
bl £ e ¢l - e *
" ~“X
¢1 = e P, = xe
Linear _indtependen
Case) L ve, B e T
Suppase, e d, + ¢, b, =0
~L anNr
ce +C € =0
Croa- D %
G+ Ca@® = o
Qr;-"bt
4 ¢, (v,-v)e =0
da
[ s O
R N éz ove  (inearly indep.
Case 3, : 4). = efr, 4), L ze"
Conside~x . C. Cb- + Ct&z =0
>
¢ e + C x€ = 0
G 4 C = O
_& H Ca = 0.
dx
L. C. = 0.
S 47, o ¢ are LT.
¥ § e P, ave solns of Ly =o0,
then C.‘b. 4 c,¢¢ 6 olko a sgoln of Ly = 0.
$ 1§, ave soln = LCHY = LCH) = o.
Consider

Lleo s cadd) = cledy « ¢ lChs) =0

i+ 22 16 o soln.



I£ 7 o~ %3 ove weal, then Proof -
e & e’ e soln, Let we) = 4:('1)"2
= léwol® 4 1 $)”
Suppose ¥ s complex , then  cwoe have = 4)3 + 4)'5‘

< = o4 ib
"

¥, = o-tb = wlx) = ¢$' + 6(; [ ¢I 5" + 43 5'
ool & 2 181161 ¢ a2 14114"
Y (arib) ay
e = e = e (cosbx + {Sinbx)
e’nt = eaxCCo.s bx - 8in bz) We know  that ¢ © o soln of LC“) = O.
=) L(b) =0
hatk 4 X ax " [}
e t e = e . los bx S $ s+ ad + ad =0
2
¢)'= - (a9 + 0 )
% L2% ) ar
e - e - e . &n bx D ¢ < lalld') ¢ lasl| )
3
Theve foxe,
Noxm of a Soln: laten] ¢ 2 lol1e’) + 2]¢') [la.l 14') +la;lH7)]

2004 las)) 1ol 4] + 2 lalld')
Ces laa)) (i1 24 1412 o
2 (v faul + (02)) (1) 4 ‘¢'l1)

IN

let ¢ be o  soln of L =o0-

The novm of the soln $ is defined <
by, Il bl lu'tx) &€ 2.k. @b,
The size of the Onswex  vadlius ? is = - 2k.uly) € u'tx) £ 2k .wlx) @
defined by, w'la) ¢ gk alx)
€ = ta loyt +  [aa).
-2k |

=) e Cu -2k.ux)) ¢ ©

Theovem : (e"“*' u)l L o0

let ¢ be any soln of

Ld= o' + ayg' '+ cay =0 For Xo< 7 , integvate From o +o .

-2k X -2k Yo

on gn interval T wnta:m‘na a peint  Xo, e .af) - e .ulx,) = O
-2¢x o

then for all x € T. = e - alx) ¢ e ”‘x..u(’xo)

¢ . eawu-m‘)

(V3 < .

elx-v) xD wlz,)

Local e ™ 2 Jow) ¢ [oxole

] N Néeol® € Néreayte™ ™

Il o)) > + | '] ‘] and
L+ lad+ lag) = 14 & [txar] enc

voheve, (1Y)

3

x -Xo)

(]

By oonsidexing s of B,  we get

- Cx-%0)
e N gcxa)l)l £ o)



Then, we have

- -%9) « Cx-x5)
(e M e 772 Ndeo] ¢ Ngtx)). e
— (D)
Suppose Ao >x,  then
-%0) -x Cx-x9)
M odl e ““ Ve gl ¢ Ntx). e )
s ®

From © «w ® we get the veguested

vesult -

Foxr any ~veal onpumber ., 2« and constants
K, B, thevre exists a solution & fovr the
IvP,

LCy) = o, glxad= A, y'(xa)= B

-0 < x < (.3
Proof:
et ¢, w4 ¢, be the sLoln of

Ltg) = o.

We clatm that Tthe~e exists G,ca  such

that
Cohir ci b, be o soln of  the
TvP,
Lly =0
glad) = £
g xad = B

) C-#. ~ c,_4>, s o soln of the TwvP.

<= ¢, b, (o) + C2 ¢;(!e) = &

C ' s+ cadn'lxd) = P

x
él = N 9"|7 ~ 4“ < T2 b

¢,x)  $x) . o™ e ™%

Te has o

<
$. ()

$.

u.ﬁ‘ 9,\‘9 .soLn ~

¢n ()

$;

¢:¢’) #(’) n,e.ﬁ.’. w,?v‘xo
~ %o 4 Xe Yo LYY
S rg, . @ e -, e
oo C¥e T 73)
= Cxz-%) e ° <4 o
Cose 2
x vx
&I [y ef . *, = xe
x x
b ' = %™, §' ¢ 7+ axe”
e'r’! ‘!e'n(
W(¢I1 ¢2’) =
~x L L 4 X
ve e 4 vxe
x ax ¥ T  x
= e™(e™+ vwxe™) - (xVe -e
2%%x
= e ( (#4X = ¥x)
2.7 3¢
= e
Jan 22, [ect—&
Unigueness theoxem for  IwvP
Let « p be angy tw0  wonstanls and

Yo € R on any ntevval T wnta-'m'na Xo.
Then 3 oatmost one  soln b o +he
IvP, Lipeo , ylwd= 3'(%) = B

Proof :

let ¢ ond y be the twe solas of

9 (xs) = P

L(“‘) = 0O, d(:es = X, @
P s a Son of G-
S P =o . Plxed = X

¢. ('Yo) e P .

¥ 1w a soln of @,
=) Leg) =o, 1:[1.3

n
R

y ‘ta b))

"
»



Let

M= -y 2. Chax. eq,:
¥+ x-p =0
ol LiH-y) v =-3, 2
< Lepd- Leg) =0
~3x 2x
Soln S UCN) € C.e + C2€
Ul = (P-9)(x) =0
N‘(*'O) < (0] ¢CO‘)= Ci 4 Cz, = 1 . C,= 1-C,
$'ced= -3c,426 = o,
K [x- o)
| peod ) = f| pexd]l- e
- B 1 2¢; +2C =0
= lpuel =0 Cr = %5 , C. = 28
=) <P = ‘P
-3 2%
cP[w) . 2 e + 3e
S 1~
Simi taaly,
-3x 2y
1. golve, \PC'¥3~' e + ,sLe-
¢! - 28 -3y =0
ygled = O
U' (o) =,
2. (orsider the egn -
y'+d -6y =oO. Theoxem :
Considex  the n™ orde Uneax egn with
a) compute e  sotn 47 Satis €y ing wonst - coeff
4)(0) =, () = o LCy = q°‘6“ + Q, %n-- *eiw 1 0nyY =0
L) lompute the soln ¥ “*"“GU"‘E
Ploy =0, (o= @ i w,va, ..o, Yo ax@  n distinet  voots
e) Compute Pl e #(«). of  the chax. poly Pex), hen
e"'lY' e'n7' c——, e'\'n‘x a~e
Solutions : LT  Solms of  Ligd = O.
L 8'-29'-34 0, uyld= 0, y'l =1
wn If N, a, ..., ¥, be distinct ~oots Of
Chox. €g: x*_2x-2 =9 the chow.  polyn. Pl+>, and each ¢
~ = 3,-1 HY of muHu'Ph'ci‘l'a ne, wilh
/ L4 ™4 ... e TRg = n.
— 8x
Soln: ch) = Ge + Ce
9ld = Cir 3 = O & ¢ =-Ca Then,
L .‘-,’X ™=t ~y X
gl = =G + 8= 1 D Ciz= Y » e . xe , x e
¢ = "y
~s T ¥ ™ X
=5 e . xe

e . X e



-« la¢-zel v (x-%ol
ave LT solns of Lty zo0. Il 4o ) e £ o] £ e e
Proof: wWheve, k= 1+ lald + lasl 4 .. . + lan)
Considex  1(e"™) = pd.e™
When » PG = ao¥ 4+ aw" t.. . 4q, =0 Pxoof :
Let alxd) = || $x) "1
a0 T€ P has n  distinct  voots 5 lc}(x\]°+ l<p‘(x)]q¢... 1 )4:"-'(5/)}1
Ny, ¥g, meens , *n,  Then = pp + PP AT
e, e, .., e e the
Wit = ¢4—)l4- ¢‘<—p LY. 4>n;;'* ¢n—.4?
skn of Lt =o. la'tn) £ 2091l +.. .. + 2] ") §]
L ®
@) Suppose <, & o mwoet of Plx) woith
multiplicity ™, Stnce $ s o sdn of LUy O, we have
PLrD = PI('l'u") s P“C"(3 SN =PM—I('"')‘0 "+ 2, ¢ +.... +a.p =0
Cloim: = $": - (@ ¢ "4 o)
e i a soln of Ltyd-o. o (94 1ad 1§ [+ ..+ o)l
k =, . , ™
Sube. 146" in @®.
Corsider, D (LC&"™) = L(~x*e"™)
. T lutx)) ¢ 2ld1dl4 ... + 216™] [laarg™l 4
Buls O_K. (LCe?‘.x)) .—i"(_pc-.)_e") R 3 la,)l(}l]
[\ <" . 2 7
¢ 2(Gstads ... 4 lin)).‘¢| t g 4.
= [P s ke PTox ¢ ks plltdx? B H:""I’]
E I p(v)xk] o.‘w = g2K.ulr)
(e =t , ™D
= O D ~2k.ul® L& ulx) & 2k.ul.
> 1(x*e"™) = o } .
=¥
= x“e" s o solm of L(yp = o. Jon 2¢, lect - 9
This  is twue Lor any ¥
let & Ko be a constants and let
Theovxem %o be ang veal oumber. Then ftheve
let ¢ be e soln of exists o soln. of L({ =0 on
LG = 3™ 4+ ag” +....4 any =0 ~0 ¢ x < oo satisfging ,
$lx) = &,
on an intevval T  wntoining a point $lx) « &, . ...

Ao € T . Then for all x € I, e, ¢n-'(ro)= -



let ., ¢, ..., . be ong n LT

soln of Y = 0. we will show that E

N unigue  constants C.Cay ..., cn Guch that

b ad » dy, - ¢ Cnda 16 o son
L = o, satisfying Slxd = o , P'lxd = oy,
¢ﬂ-l(¥°) = Kn.

Lo, bz = «,
$lxd = &,
S b led 4. 4 Cadalxsd) = o,
c.. Prla) 4 oo 4 Cadplxe) = Ka ®
.c, 4>n:|('xo) 4 . s Cn G (X =

The detevminant of A s w(. [ PO ba)
and W#O, sine ¢,,...., 47,\ ave LI.

= 3 anigue soln &, cC3, ..., Ch such , that,

b= .+ Cabg #.... + cr b

5 the son of the TP

Let o, ol3,...., %= be n constants ard (et

Ao ba any veal number on any T
inteyval contojnin% Ao. Then ¥ otmost one

soln @ of Lty =0 SQbis?g-ina

n-t

4’(:«'} =d,, ¢'C'I(.§) = D(,, e, 4) (o) < o,

P-roo e

let ¢ and P be tny  two  golutions  of

TP Lm0, glxed= o, ., g (%D = K-

SOI
Lp) = Llb-y) = L) - Ll

= 0

n) =  Plxa) - Plx) =°

and-
.<|I—‘x.|
) a2 ” £ » 9 [x2) I} e
wheve a ta Jada -oon 4 lan)
= g ¢ o
= nlx) = o
$ = Y

Congider,

gt 1 Pldg’ v QM. = R
‘4. - P(u‘).-a + Qlx).y =: L4
then R(x) = L(y).

Theovem .
If Yo is The general soln  of
%' v PlD. '+ O, 34 =0 andl

4p B a por Heuwlax sSoln of

\

3 Plxd. 'd‘ + Qlxd.yg = Rix) . Hen

4p * 4g e the gen. soln of

9"t PEdy' ¢ Qxd.y = RW).

Proo{‘ :

Guiven That 4 5 @ soln of Lly) =0,

> Llgd) = 0.

4 8 a soln of Ltg) = R
> Llgp)= RED



Le€ 99 = 9a* dp

Congider,

"

Ltgqd Llgnt 4pd

W

Leged v LCypd

"

01 R(XD = RxD .

D Yargpe 8 o soln of Lgd = R(N.

(e

Swppose } ? '3 a

Qe &8 a pasticular  soln  of Llg) = R(2¢)
Then Llyg-4ye) = Liya) - Llgp)
= R(x» - Q=

= 0.

D Ye-4e & a soln of Ll = O

But we  know that 9n B Qo soln of

Uad=9. So.,
%r\ e %‘— 39'
da ® dat Ve
lLemma

T4 &.C‘f) , &a (), axe the sgoln. of
¢ + Py * Gam.g =0,
f‘eﬂ +he \A’(b.. ¢¢) 73

wxon Sikian either

2exo ox newy be 2exo.

Proof :
Griven thal

b o« @, ave solns of  Llg) =o0.

o> d'rpd' s &4 =0 — ©
4’:* P-q’s“' Q. ¢, = 0 — G
we have,
wWid.d) = b.&' - &, 4

soln  of Legd = Rlxd  and

W lh.dd) = 8.6° ¢ b - &' -
b b,
= b, d(),“ - Q-ud?a

$o, él @ = ¢2 O

D b Cd' ¢+ PP+ QD) -

¢z ( ¢‘" + P-*,( x Q. é.) = O
= 4, 45"' $"d, + P[¢'¢zl‘4’-‘¢’) = 0
= w + PW =o0 x
- [ b

= Wix) = W/ (¢ ) e xo

W (xD = o & W) = O

hence the (emma.
Theorem
T4 ¢| i6 o &dn of
%“ + P(:x').a‘ +G[’:l)a=0 — ©

and é-(t') 4 o for any x €

transformation,

d’a.’ VC}. -[\l ¥

Then, the

veducet M o the  Lest

dy [u]u
®.

whevre o« = V , and the

}iven by,

froof -

let $,  be a soln

suPPOGQ H\C\.t ¢9 = 4>| V] &

oxdex

by ol
a ru.nc. o" ‘2‘3
egn.,

=0

sewond goln. of

Lig)= o —O.

[N Soln ok



¢g s 'b.v' + d)l'\)'
4’:. 3 b:V. + °'¢|I
o is o sdn

= ("4 1_4>,'v' + q;'v) 2

Pld,v'e d'v) 4

v o+ 47,'\’

of @ (p,"‘" P.(P,'q— Q. =0,

G4.v =0

A"t (204 PAIV + (P 4P 1 @Iy =0

£ =0

(b.v" + (2-4)‘ + p¢.)v‘

S i‘_‘ = -[¢,| T Pd)l
v' &,

<
1)
m

=) v

0
S——
'_OJ,
(]

Note that from (9,

d, u' +

e 4

dx

o we
(24).' 1

Pél)u
(2,

r P‘P")“
b,

=>

—

[3)

Jan 29 , lect - 0

0O

-Jedx
v = /_'_ e .d=
pla
e
= ‘/L. e dx
"
: A de = bl N I
j:% T xt
= z (P.\’ = . _| = -1
2 ) — —
{) -2x3 2x
The solution,
#: C-b. * Cz4>3
= Gx - C3
2%
2. BU 'm.spec-l-v'on, 4 % {¢. = 9:3 S o
Solu fon,
‘P;= ¢ v.
P - - 2 , Q= 2
(- x? - x?
-JPJ:
v = /_'_. e d=x
Q'A
- \ea(\--x’)
= t.e dx
Y]
2 J,‘* dx
¢zlt-t’)
o /(4 v Ly dx
xP ex?
/\
I S
4% =%
= L4 e 14X
X 2 -
Theovem .
let ¢ ve a rOn-trivial Sowtion of
Lepd = Qele). o + a4 .. 4 aboy =0 —@&
x € T Qe(xd £ 0  for any x € I, and
Qo.aq,, ...., Q. are eonbinuous  functions on I.
Then the 1vamsformaton p= .9 veduces
h
the eguation iato (n-) ovdex  eguation.



adiu” + (naud' + ap)u”

2
4+ ...

> A, w™' s + qu,d;,“d too v, ¢|)u
ciee 4 (naed a rap i —— @ =0,
ohen  wz v
when o = V.
T€ U, d3..... hn  av@ Cn-D LD golutions of This s on (n-‘)ﬂ ovdex DE avol it
©® od ¥ we= ' for k€ [2,n]c N has (@N LT solutons, {uz, A g, .....,un.}
then ,
b, ... . Vad s &  basis of Since x
solution ot ©, where Ve = qu. dx Ay = \9~¢|, J = Jd.,‘.dz.
e <.
Preof - Thevefore &.. oo, 9, ,...., 9.  ove
the soln of ©.
let 4= e, v T¢ ~vemains 40  gshow that THe obove
Lo b b sSln & o basis.
&' < dhoe"4 2dlv - $'v
; Suppose o T + .. + Cn,Un=O
" = bV 4 b v n,(:_ﬁ oy
booeo 4 Y = C'+QN1.+"" +Cr~\’r: =D {xﬁ‘;]]
= CoV9y 4-... + Chdp = O
&.Ppoae $ & a sdn of @ then
@b« A p T+ ranp =0 D Gy 4 ... + Cdn = O.
> o[ v a s gl * > G o, t€ [2x]cnN,
a.[{;,v"\ (,,.,),d;"n“", e 4 43.“-'. \)} 4 Stnce U, ove LT.
oo, [b.v'e ¢.v] 4 = (0, ond hence, (=0 ¥t
a. L&v] =0 3 &, b, ..., b va ove LT
ond  have &  bagis
Soxking accovding to V.
and g Ay = 8, for v € [inlcal
s v [ead )+ \’m|[th4>.|+Q.¢.3 + then ,
_: "\7.,\9,4>.,\9-,<}.,...., \9,,43\ s a
v vnap™e v oo d)
PR [q°¢“+ q,ﬁ”‘c.... + a,(ﬁ] bosis of soluton oK O,
=0 w hexe

n n
= Qo ¢.\" + (nQQQ“ + Q,¢‘) N

+ (naoh™™ +. -..

+ .. ..

X
\7'! = juk .dog_
Ao

+ Q.. ¢\’) \’| =D



Theorem:
let
P = ¢'+r Aog' + 8.y = R) —O

wheve PG), Qlz) asd R(2) arxe cont.
funchonrs of x defined on an ntevwal
I . T &, $2 ove +two LT soln
Coxresponding 4o the homog. egn,

8“ +PADY « QDyg = O.
Then, a parhcular soln . of [3) s
given by,
'BP = <[>,\9, T+ d),\?z
where ¢, = "‘/Réz .dx and
A%
\,2_ L J&é' Jﬁ'
w

wohe vy Wty e wrons kian of

&, b > Wi, $a).
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Feb 4, lect -~ 2?2
Theovem :
let Hflx,4) be a continuows  £n  defined
ovex & ~ectangle
R= {ezi) : |x-x} £ a, lg-u.]é b J
wheve a,.b >0 . If g_ﬁ exists and
3
con finuous  on R, then  £Cx,9d  satigfies
the Lipschitz condition  with  respect o g
in R and  the Lp. constori 4 is 8;ver\ ba.
K = («b |‘fC¥, x) \
p€R P

Ptco'(‘ .

Since _g_f. is  cwootinuous on a  closed

9
vect. , it 6 boundeol = §4pTe mum exist.
let ,
k= (b ] .9ij
e ER Sy

let Gogd and  (xi9:) € R, then by
€T OC

£Corgd - £lrngad = 9F (4 4ad
8y

= (-(-‘fx.;,-’)- ‘rcx-aa) £ ;3_“. Iéa"ﬂ“
Oy
R
Conven s need no{l be +vrue.

Sy = xle)  in  pelxler, Iyl er]
Checlk whethex the ?O((chir\a funce 5&‘\'55%
L.c. and i€  So, find k.

L fx,9) = a'h, lxl e\, o©0fg4c2
2. "'(Q,-ﬁ) = ,(,07 , [v X4 fdzl £, l?"'}

3. ‘RZ,:D : (aﬂ,'-) (oS X , D= f(;liq, ]zq)L%‘}
x32

Gicon w all Ineguald +y4
let €x) and (&5 be two non - negative
wntinuouy func. for x 2 x,. let ¢ be
Qny non- negative  wngt anl.  Then the
inequolity,
x) £ ¢ 4 jaéﬁ)- ). dt , x2%s
ot x
Jote>-dt
= f) 2 ke e* ,  x 2 %
Proof .
iven  that € and g ase  wnt. @nd
) £ Kk 4 Jace). £c1) . dt
E O
X
let  Fud = k o+ [gy. fe. ot
xXe
Flxed) = ®k 4 o
Fi(ad = g0d. £
We have from @,
£ex) e FexD .
= fx> £
F(x)
ged. £ £ =)
F G0
> Fed £ gt
F(0)
«x x
L}
= F® gy ¢ jg(z).d:r
Zo F(D %o
x x
SNy ¢ jsm d
Lo

Hence

Xo

X
ln (Fe) = lnk £ /gc:o dx
Zo

x
Jg@. dx

Fd £ K. ™

S . odx

ke faedfpdt £ ke

Blxd £ Flx> £ k.e

the wesult.

Jacey. ot



Covolla LT

I¢ =
£ty & K /uc).au, Yo 2 x,
%o
Then £x) =2 o ¥ ¥x 2
Proot :
Civen  that <
fx) € Kk j#‘[e). de
Yo
x
£ g 4 jz.(-‘ct).d-l-. = e >o.
Ao
8'3 Grsimwell  ineguality,
€
_fK.aﬂ. k (x-xe)
fx> 2 ¢ e™ = €e
Since L4 7] aibi'l"fara, we kﬁve f(x> = o.
]
a = -FC:!:U) =
a(!o} = 3o (=3 a(x') = Yo * \/‘f‘(“, u(ﬂ)dt
Ao
8tart with  initval  agprox. 49,[#5) = Yo
and successively find  the o.ppTo x 4>,<
f ¢ as follows.

-4
de 4 j#cc, pw) ot
Lo

$, =

<
do ]-F('c, $, (€))di
Xo

$, )

«
e (O = 9o + j#(e,¢>k~,ce)).dt
Ao

1e ¢K~4 $, then 4 will be ) soln

o T. egn

4;: Um ¢, (2> =

K= o K=

9o+ lim £t , Pedddt

¥-

X
T g * \/-F((:, *Cg)).d’b
%o

Solve,
Loy o= Xy, glod=, using Picayds
apErox. scheme .
2. Find the  fivst 4 oppyoy. of
-d‘ = (BT &, P a[o’} =)
3. Find 4 appvoxr of y'= xsy,
when wlod = 1.
(0 a' = ’Ja
a[o’) =)
«we have,
€
glxd = Yo 4 f#[t,a(n).olt
Xo
x
= 4 j{adb
o
bocge =1
$dr = Yo A ijH, b))t
Lo
X
= 1+ t.dt¢ = 14 =x°
J 2
x
<P1 T do * j#(f,, 4’1) dt
o
= 14 fﬁluﬁ)dt
° 2
= 1 4 :2 + _z_‘ = t+ iz +
2 ['4 2
2 (,,'l-/ 3 2,3
f, = 11 (2 + D . (6
" 2! 8!
x%0)
&, e
2. 'd‘ s (+xy%
pled =1
x
4x) = Yo + £, yw) dt
Xo



ot
"
-
.
~
=
o~
w
o
T

o
él = 3, = (] @ + {_ﬂ- = +,—_|
E4

L T J(l* b et 4 .izi_-) olt

- 2 s b
< L4 ¢t X+ x 4+ X
2 > €
x
2 4 S
tb,,- gy = 1+ j[lf t4 L-l_t_3+_L fj_)olt
2 3 3
o
2 3 [} (4 6
= 04 A2 X 4 X 4 X 4 X
2 3 1 4 \S L8
Feb S, leect - 3
'n\eo'rem:
The s€guence of  sucxessive approximo tion

x

b () = Yo + ]-F[t, . (aDdt , K=z

Ao
woith b,(xsr @4 exists g continuous  Sune.
on T: lz-')f.‘ <h = min {Q, .b—’j q“d
™M

(g, §, 1)) & R woheve,

R = {[,,13 lli-lol L a, [U-t’el 2 b, q,b >°5

and M >0 for each x € I and
bl‘ Bﬂﬁsc{e‘s

\¢k(1}' 47,(::)‘!_— M]z-y,,l ¥ € T.
Proof {b% 'mc‘ud:'ﬁon?,

when ¥k =0, the awesult is obvious when
=1
ke, =
$ 0 = do f-F(t » L)) dt
Xo
§, s continous on a clsed ~xect R and
hence it 1 Loun ded.

3 ™M >0,

| fct, )] € M on T |

n

of
(b, - &l | fm,,qp.) dt

Ao

jlw., 43) db

<
Xo
L 3

€ jM.dt - M (x- a9
Lo

< Mlx-’x.]

let w8  assume that the ~oesult is txue

Cox k=" and e Wil pvoue it for

wWe have,

[ ot - 470, “ M }x- |

(x, & € R, b, s ctonknuou .

x

we have ({)M,‘ by = 4>°-0 Jp[e,é'\[t))db,
Xo

Since £, SDY s wnl. or R, F m»

Such  that 1§ (e, ¢,,C¢)3) L ™M, ™M >0,

n

%
1 4, (3 - $. ) , feu, o te)) dt )

I~

¥
j)He, ¢,.tt)3) dt
Xo

£ ™ |x- x5

Herce the theorem.



let &x.4d be o tonhnuoygs  ~eal  walueal

func . defired ©on a dosed vectange .

R = -ft'-ue.), ,z—z.,sa, ,U'?f‘)ébl 0,b>o:)
ad  let €. d) £ M, Y (2 & R,
Fuxther, Swppose that (v 3d  saHsfy he

Lipshiez  ondifon,

oo, > = ¥z, g2 ] & ¥ lg-gal

¥ (.4,), (x.g.) € R

with  [pshitz  constant K.
Then e suceessive approsumation ,

X
bo = 8o, by D5 o+ [ E(t. b, c00)dE

3o

onueY ges  in the  intexval,

T = Jx - xal ¢ h = m‘n{alb}

—_—

~M

o aq un"q,ue soly Hon.
é () o€ the TvP, a'= $lx, )
n(:,) = o on T .
Proof :
We erove the theovem in  thvee sieps.
step I The €. { 4),,5 convexges.
8tep 2. The lm & a soln of IvP
Slep 3: Tre soln s  umgue.
Step L: wWe have,
Step t . .
‘bo = do. ¢'\ s Go * J ele, +ﬂ_I(l\) dt
r’
we con wsite,
Pnz ot (- Podt 1+ (pa- P2

= o % (b, - .0

«w=z)

S 4), is the nt epas ted Lum of 1he

series .,

b Zldy- 4

Té we qace cble o  show that e Sexvies

onverges  them, fthe sequence  will  convexge.
By the  proven (?) theoxewm, we have,

[, 0~ &6} £ m Ix-z0]

with out The (o088 ot aehefalﬂ-u. let wus

ossume  that X 2 Xo.

Consid ex, 2«
}«p,m— ¢,cx)[ 2 j]su,,q;.wj- 4‘((:,+°Le>)’ol'b
€
£ 4
¢ /u | . > - 4>,u))ou>
L.

n

X
v fm;t- 2| dt
Lo

We cdam  that,

Proot 1s by mduction.
The vesult g teue fox ns1, 2 .
we  asseme That Wt 1g tyue  for 0

and w L prove for N+t

o

A
b (0= Sl = Jele, 4ute) - £ (£ b, )
Xeo

n

X
| fnee = ] ]\f(tu#,)— e, 4,.)) dat

[

K¢
/;4 ) $n= .. | ot

x - R
¢ v [maeTead g
%o ﬂ‘.

a

n
T ™ z" (x-2e)
La+D)




4

H;M_‘_ ‘h\) L M K“[x-?la.)n

(h+1))
ney L}
e Mk . b -{azveh, lx-ze | < b
€ (na)!
+1
= ™M (uh)
Ko (o))

§l¢nh-?ﬂ] em Z £"_‘L

K (n+d |

RUHE s o  gexies € (1ve)  terms,
(onverges ‘o,

M_ (eu‘— |).

K
Thus  the sewies P4 Z (P, -9, ) s
dominated by I conug . sevi es of

tve  tewms. Hence by Weistvyass - ™M test,

‘#0 1 ?(4’3‘ ‘Pb.)
anifoxmly to D

the  gewies converges

’

Since 4:'!& ave wwnHnuows and ¢K —_ ¢

aniformly , ¢ & wntinuous  4oo.

Step 2 -
é 1 o soln o TVvP.

. Tt 6 endugh o prove that ¢ s

e soln & the  integval  eqn.

x
Yo 1 j&‘(t: $eed) dt

‘D
we cloim  dnat £ (¢, ¢,u,)) wnvevyes un\forml.o
"'O F ( t ) 4),. (ﬁ)) .
we  know  thot Q,,-—r $ un“fowml»d, given

2 20 , F no 2o such  that,

)47,\(::')- ¢Cr)l< %. M n>n,

[£ct, paced) ~ 06, ) |

»

k] $nred - Peed)
£
[ 4

I~

(3 ¥ nZ np

=> £fC & ?n) — £, 4’) qr\iFO\l’l\bU.

R TS MR 1T

N3

1’"4., (£5)

%
= bm [g.-l f-FC-e,tP,\Lﬁ) eH:J

n=> O

%o
b4
: oy, + J«cce, L)) ot
2o
D b is ke Sdn o  integral egn  and

hence it is a  Sdn o TIvP.

Feb 9, Leet -1y

Piccavds existence and __unigueness

Steps Onigueness £ sotn.

H + and 17 be +wo soln

of 1the TIvP.

x
Ploy = 9o + [£0L, pety) at

2o

k¢
Yl = go Jﬂt, ww)d at
Lo
P - Yo = f[m:, dCe) - £Ce, 9l0)) dt

%

|4>cx) - s[acaql < jlfﬁ,«pm} = Ht,\ytc))] dt

Ao

"

{
N —
Xe
L.) £ is (;P_ce.h.'tz

Herce by the wrollary of Grvonwallt
nequatity,

lged- Bl = 0 > Sy = .



€ - opproximation  Soln

Swppose we have the IvP,
g' = Cz,4)

dlae) = 9o
Br & - appvoximation goln 8 o  function
400 on on inteyval T = ["x., Yo 14\]
sa-\-\'s(-‘%'ma the Followira propevhes.
Lol € D
2. gec' except possibly For finite points

fae ceT\s). s e T

3. h‘—?('z,;ﬂ] e ¢,

5 x€ T\s ., €>0
Theovem :
Sappose  that Llee,yd @ 18 wetnuoygys
on the vectangle,
R= sz,'n‘) lx- o) € o, lz--ag).‘_ b, a.b >°}
Let ,
™M =

max l'\'-('xna)) oy

h = min {Q, L}
bqu)eﬂ M

'n\ev\ fon %"n en

e>0, F an g-appvox. Soln
y fox the IVP © on  [|x-%ol < h.
Proo € :
we will  tig 10 wnsStruct an €- appra
solubon  foxr fthe TwP.
we parhfion fthe intexval [Ye, Yo +hd into  the
Sub - infervalg such thet,

Ao ¢ Ay, €Xa & .... & Xn = Xoth

wheve I'z;' w"._|l < mi'\{&l_é’b . S>°

Since & s

we define

B30 =

Clear by, 3 is

wnt  derivatives.

wnAdition @

we claimn  that

Tt s

lglxd-yo)e b, i €

of

dCx )+ Cx -y #Cxe, g,,)
te [\.n)
x £ [“i'( - ‘X;_]

cont.: and has  piece wise

Hence “ sahs fes The

- appvox.

(x ‘53 < R

enough +o  Prxove thol

L‘l “3

F<xom @ we have )
g(z - Yo = (% - h) *.C'-Yo :'ﬂo)
4lT) — glxdD = (xa-%xD (%, 99
'0('1_)’ a(xw-n.) czk' z:-- ) £ (xk-l ' 3\\'“)

|40 - 9ex,)) ¢

cont.

ontinuous .

| fcn )= $Cer 9] < &

fox o

~a(°(u) - Jo = 'L%' cI"— . 2 ) 'F(xi-ll '3\'--)
|9txyd = o] € z. (e - %) \"““e-- "éi--)\
e M S (xe-%n)
e b
L) € R
From ®.
BlEd = gla; ) = C(x- ). $lxe,, ‘Jt-l)

lz- a4 e, 9

e M § = &
2]

n R, it 15 uniformly
wheve  ly-x:l 28
lg-9c) 28

. 9D, Cxe, 40 ) € R



]'al' -C-C‘x:'a))

= Jflx,, 30 ) - 'F('x,':)) < &

=y londition ® of R -app sahsfes,

s b Ao € XAy &Ay & ... .. & X = Zoth.
when loc - 3(.-,_.\ < min { 3. _Lb , &> o0
~

we define,

\a('x‘) 3 3(9:,;_.3 + (z"xg‘,-') $ (xi-l ’a"-l)
—_— @

n

.

D P

x £ [eti,,, ’!;]

Feb n, Lect - 15 2

Theorem

Te o™ a‘op'ro:a'mqﬁon ¢h (¥) of 4’[0 of

TvP Satsfies

ner ©h

| §. o~ )] & ™M Crend e x€T
k Cner) |

ProoGZ
n
We bhave {J,,(x) s 47, 4 5[4" = é.;—.D

<P o) = f), + ‘g(‘h = 4’:-.)

lb,,(z) - 4?(1) ) = \ §' (‘P‘, = ¢.‘,—:))

n
M

g
\

%

w5 (5@{

ne)) ¢

=

S
3

Let #£(x.4) be continuous on the vect.
Re {tx, 9 ‘x-°<°|f a,
lg- Yo| € b, 0,b>03

Then 3 o Ssowtion 4o TIvP a'=fC°t/u)

\aCXo')=,'ao in the intexval
(Z"Xo £ (1 b
l < h myn {Q ,:‘5
M - max | £@)
€ R
P«OO‘F:
ARG
Let &n = '/n-

By - appvox  theovem, foxr eoch ¢,

3 an €n- approximation {anj of the

TVP  Such that

’

lgn- 9ol ¢ b
D> lyge) & lgol + b
3 {g“) s uniformly bou nded.
Mo veover,

Iyn('x') = }n53| _‘M}:r.-;,, <, % €T
= {%nb is €gul - confinuous on I.

Then {-3.,. ¥y 8 wniformly  boundedd  and
QQui — conti NUOUS.
Hence by Axzela- ASwUs theorem,
3 san 3 of {vn} which oonve~.ae.s
‘o PRES un'\f-mmlg.
Hence 4 8  coni. and,

lyend- 8@ £ M)x-%) , x xel



We claim that limit & o soln of

TvP.
we detine
’
e C) ‘év\; - &'[Y/ lank (%) £ 3r\\‘ ez
¥) <
m o othe ~ wise.
‘3.\; = f, G, L)) eh, (x) except

ot  finike wo. o° ‘oo‘m|s~
% 'm‘i‘Qa‘rah'Nb fom Ao — 7, e 3eé

o
30,00 Yo + /[‘Ff%‘, n, (0D e“zcm] dx

Xo
—
We know thot
dn, — 400 anifor mly.
Then Y, Yo @) T flx, 4D anifoymiy

Agaun, IQ.\,‘ (T)) € €n =-;\\- — D 05 N o
le
Hence o~

yld = Yo ¥ J £0t, pued) dt
A>

o we get

A 4 B a son of The TVP

feb 2, Lect-1(8?

Suppe (X, ) i5 a  complete Melvic  apare
and Tix— x is o contvadiction, then T

has o unigue fixed point " € x.

(oto(lmn 2

let T: x— X pe Such  Thot T 5 a
wnt vodictonr for  some k 21 . Then, T

has o urigue fixed point .

Onder  The same  hypothesis of  Picavdls theovem,

Iv P has a  unigu @ soln.

Proot

let = {4y € C[aa, 2o1¥] &b, Jg-go) € b ]

X s o closed ball in a Banach space,
C %, Ao th) with  Ssupremum  norm
Ny = &p )U&D]
x€ T

Hene, X (5 o cmpete metc space.
Oefire  T: x — % by x-_
CT ) = Yo 4 }-Ft &, gld) okt .
Av
Fox &= x, Ty €A  we rave  (Ty)(x) = yl0,
Tt s cleax  Yhat fixed point T a~e

solns  of  the TvP.

Claim : The soln unigue.
let 3,49 € X and consider,

[cTed e - (o)

«
= } jﬂ't,ugﬂ)- £0t 9 (D)) dbE {

X0

X

- K jl%\"b) ot {-F is Lip“kitzj
Yo

= K )‘d"'h, (- x0)

L4
= (.T’a‘)cx)- C‘[ﬁg‘)(y.)) ¢ le f, CTy, )CeD - (T”,)‘-D\dt

Ao
3

Z K"I lgs = Yo | (£~ %) dE

Yo



= K‘lla.- ‘aa' (.x—dc)z Proot -
2
Theve by, Let oo, ac': € [a,0) , e > x and
n n LY n v -
J U190 = Ty ] & k" lyeya) Lx-xsd we have 4lxed = 4, and  glx"d = 4. .
nl

Given that Ff€ Gp (D kd and Il ¢ M.

n
PRSI Y|
n I
' Then ba Pica~ds theovem, 3 ti[&2)] and
N7y - 1“‘3;]) ¢ ew ly,- 95) 8" (x) such  that
n)
%
TS  we  choose n  layge encygh so That, dlx) = 4o /'H't, 4(e)) ot
R = C\:s.!) 2\ L O .
gT ) = g /fCt,a'm) dt
I Tyg- Thaal £ 3 Jo- 4l » B < “ x
g - 4TG0 = gy - g.” f/‘f(t,ul.t))ott
=) 1" % a onTvooliction. -

«
Henee by Banach Ffixed pt Theonem, T - /f(t, g'(t)') dt

hos & anigue fixed  point.  Hence, TP . X =
%o
has & anigue goln. ) :(.-g,‘ + /f G, qu)dt  + /vfﬂ, g (t))dt
Ao .’
x
- j £04, gIB)) ot
Theovem - i
Let, Since €€ LplD ) , e have,
> @' fayg) 9lx.d = go “ (£ e, qct)) - £t 37cen) ¢ k| yee>- g7
G ' = Ll alxe ) = got
and £l & ™.
be too TVP fox a £x e b it e ThexeFove,
solution, wlxd = ylx, Ao, 9o =y | §Cad - %'(x)l £ lg.-g.,'l + ™ |a(o—=to"
A
97 (x) = g (%", go' D +w /I,u.-)- g et | dt
r'a
let £ €  Lip(Di ) oy ‘-F(x. -ﬂ] L M, By Cronwalls inequality,
~+ x & fa,6d  in 0. *
f' €dt
Then, @iven any €20, 3 L>o0 such that |-4C=«)- -3'(’:3) & [l%.—g,'l + ™M J:ro—r.']] e %
F(x "x.' )
|yt~ 3*(1:'3) A whenevex, A [8+M<S]e
¢ (b-a)
Lo - x: \ < and ¢ $Ciam) e

)
l'éo"ﬂ:, < é



F’l om @l we Mve ’

eb ( t - x
F o, Llect -1s x Joced.4s
- nix) £ 20 ¢ /3«5' nied. e’ .okt
Xo x
JoG). hesd olx
¢
D &0 £ Rt Jsw wb. e
Ie £, 9 and N ave non- negatve wnhin.
FuncHons detined fox x € T, 1hen The
neg uality - Felo ¢, lect —17(2)
o
£60 ¢ hG) + /5(1:).4'(&). dt , x 2 X0, Ap.x€ T.
e "
; Ja.ds
> £ £ ho) 4 [gd.w) et dt
0 eovem :
et R = {Cz-fo |lx-x, )& a,
F’tbof IU’ i1°l ¢ b, q,b > °J
&ben ‘ﬂ'\at A x
f0O) & h(xd + /3“—)- £Ce). dt Let ‘CIa be two continuous  funes. on R
o
.sai-‘s@\atmb ,
= h(x) + 2(7) > £ € Liplr, k] with ~vespect 1o
() given ¢ >o, "F(N:@- g(x¢a)l< £, 'V'mbf R
when  20x) = /a(e).F(é)- dt
= £(x) ¢ h@) 4+ 206) - ® let  wGO and o, (x) be fthe soln &  the
fx) -~ wix) £ 2 —® followoing IvP otk (xig)) e« (x.9,) € R
20 = gl £M) —® for  |x-x0) < h.
Since g ® hon - negative, fyom (O, gl = £lxew) ; 8lxsd = g
300 = gl ;o 9(xe) = o
3(:),‘9(:0 r %C;x).h(x} +  9lx). 2(x)
2x) ¢ aCx).k(x) 1+ g0x). 2(x) Then [g.('x‘)—g,cx)l ¢ _g_[e_“ -, h= - %,,
3
2'(x) - glx). 2(x) &  gCxd.h2). Proof :
L 4 .
— Jaco.at Given that,
Xe
Ustna 4e TF, € , v  hawe, g = fa9d , gad= gy, — @
+ ! = C o) = o —_—
-fgu.).dt x -Jyw.ds 2 dlud , plxe) e ®
20y e ™ P2 /gct).ku'). e™ ot
Xo
x 3 L
2 Ja©dt - [g.ds ard g, and gy ove solns  of O W @ rep
> 2 £ /acu. hed. e gs de
Lo x
X J'ts)-dd

[aco.

het)., €



L4

‘dl(ﬁl) = go T /‘F( ¢, a,(f:)) dt and
%Lo

€

YD = Yo + /aa,, 4, (8)) ot
Yo
N

2
Y- Yrlx) = f-(‘((:,g.(t))dt = jg(t,g,te))db

Xeo Ao

o
- /(4&,«3,“))- £t a0 dE
A

x
4 [( flt, 9:(0) - FYAY) ‘az(t))) dt

Ao

z

[ge- 4o ¢ /’4’-0&,3.(6)—#[ﬁq;(ﬂ)ldb 1
2o

x
/l £04, 400) = 9le, 4, (0] db

30

x
€ x ]’1.&)- 3,&)] M 4+ £ (x-%)

Xo @

let = lg~4s] ., 8=k and k= e€lx-x3) in

ae.re-ra.Uceo! Oivonwall  ine uality.

Hence by the same  Theovem,

X

fr.ds

x
]
(.00 - %,tx), e E(x-%) + /E kK(t-%3). € olt
X.

x
“ (x -t)

€ (x-x) + gkjlt~:zu)e, At

20

x R -7
€ lx- 2 4 s«/(f-z-)e Jdt

e

v

-~ (t-x)
e(x-xe) - & [(t-2). e 4

~k(t-7) ] 4
e
e
%o

wl(2x- %) )

-¢£ (- e
P4

= e (e
™

Theorem :
let R {'(xu{) t x-%e] £ &
ly-ge] £ b, a.b >0 ?]
Suppose £,9 € CR) a~d pe lpschitz

@ohnuows with Rspeet 0 4 on R wilh

Ups.  constants k, and k3 ve&Pec‘HveL‘.
let  3ux) and gy () be rvespechively the

Soln of IvP.

gowry = oy, BlADd = Yo
gl = glay . a(!:) = '3.‘
n dome wntexval I,. T» ont atni ng %o, 1..

woheve both 4. and gy, ave defined .
Then,
”
max 4.(x) - a,t'x)) c [(3,-3.}
x €T

+ 1) max,ﬂr.-ﬂ- s |
R

<. |T)

vomafcat]] e

wohe ¥ L e the lengtt  of this  ‘nkevvol .
™M = max { may £, max 3}
x & R x € R

Ko * min {K'/ 0:,3

P?oO€1
we have,
«
dulx) = 9, & j«tce,g,ce)) dt
Ao

x
4ol « Yo * /a(t, gaet) db
»

Xe

x o
(4. 92X = Lgo ~ g.') + [£0t,g.8)) dt - /ate, -;,,cu)olt
LC X



€

= L4,- a-’ D /(PU,. G.00) - £4, ¢, ) dt
xo

x o
+ j#ce,%,m) ot - jgce,g.cendt

Xe P2

x ®o
lg,= 921 & lgo- 3o’ |+ x. jla'azlo‘b + /Nu- 92" )] ot
e Xo
x

+ j | £Cu, 9.) = lt. 4, () dt
%"

e l%o"‘da‘] + ™M lx:’ = ‘I.,

+ o Jax- Z:”‘Fte. G200) ~ (<, U,les’}‘

X
ro¥ ](;,m-g,mlat
Xo

max (g ga) € lgemga"[+ ™ Jai-2.)
X-€ R
+ l2l. max ,-FC:V,-:)— g(x,-_ﬂ‘

+ Kk, /l-;.ce)- g,ce)} ot

Ao

B4 Oronwall{ ineguality,

max [ g-45] ¢ [lgo-90 |+ m|xc™ 2]+

[2]. max {[6—9]}

Yepeat the procecs by

qu‘ip(@.‘ne with g,

we  gel Ky, ™ (Zo = xo>

Thus

max ’q,(x)- 3,(::)} £ [,30'30'] + M,
x€ T

+ \ll.rr;anJ(z, 9) - aC*v;DJ:)

Feb @, lect - .¢€
g = X+
gled> = ©
R = {(u,so Ixt 1, l;aér}

M =3, K= h= mi , B -
‘ g I
lx- %) ¢ h nhbol  of ezistence. (ocal
exisrence — soln  exsts
Coca((-u.

tqo" h, Aot h]

[—_L, _l_]—) ntexval ot ewstence.
2’3

It the son extsls  in  The intexval  [x- %ol & a

then  we sayg  that Soln  exist non- boea(lad..

I¢ T, end T

I ave intevwval of existence,

te T U T, s

{I;} is a

then

alsD an intevvo(

of edistence,

wllective of intevrval of exisrence,

JT= UzT s called maximal  infervval of

existence.

ot

S o
n "
I

{‘-"".‘) : "x"l L—

IU"' < ;3

&' 4

Theoxem :

guPPDs e (‘(Y ' u-) be o bou

onhnueous

fure.

detined on a and € s

domain

domain.

lpschitz
in g on the

Then, the  lavgest  open intevval  over

which  1he solution  g(x)  with  ylae of

e Tyvp .

u' = £, > ‘d(!o) = Yo

Aec"ffd n Gﬂu one of he '?ofbuﬁ‘ﬂa

+wo
fypes -

> Ca.b) wheve both a, b ave  finite,

or  Rithev a or b s finite.

@ fthe entive x  aais, -0 & x <0,



let R = {(2,\3‘) t | x-we| e a ;, lg-go) ¢ b?]
Given  thot , ¢' =

g(!.} = 3o

wWe hove, C(xo, ) € R and by Pcavds  theoem,

3 o soln. Llet it be ¢,.

7
69 = g 4—/{(6.3&)) dt = .

%o

x € [xa-h, xoth)

lat X = %o +h Q'\d ‘A| = ¢a (21‘)
C(%'V(oa Gy a,‘) € R.
Reapply  Picavds  theorem to

U| = fex, )

8(1|) = G -

Theve exist o  sotion gay & such that

b cxd = 4, in  Lx, 2,407, b, >0,

. ~h ¢ '3
petine au_) . P () ; % L % ¢ orh

$, ) ; KEx € % +h,

Claim g s a soluton ,
den'\'(kg. 9 8 contnuo us -
In  [xo-h, % +h), we have,

L4

400 = folx) = Yoo ]Fct.?.ce)) dt

Ao
In [zll X, ""\u-] = we have
x
gLO = ) = g4 jm, b, ) dt
A

x
i.e., gl = - j-FCé, taCt)\dt;
L4}

But, B

\U

X
¢o (z') = de t /‘F(t/ a(f)) ol
Yo

1 b

) = go =+ /‘F(t: getd)dt + \/-‘f‘(\:/ ge)) dt

Ae 2y

ox
Yo * f{-‘[é, 36(:)) dt [xsh, cloH'-J
%

lonHinue fhe procss., wR can extend  the
sotu tion ‘o [zo—h, xnt hnl}, h. 20

Ppply the  above  process to  the (eft  side
of te  intervaol [3(0-‘\, x. +h], we get an

inte~val fan, ba] Such  that,

< [an, b1

[2e-h, xe +h] & [a,, b, € [as. b )....

Let a = Ggw a,

o
"

limn by,
tohether Umit exists  finitely ov in-(-‘u'mi‘relq.
Trn either case, we con  extend the atevval
1o an (a, b) whe re la, b) is of the

co“cwh\e foxm ,
(-, b), (a, ), (a.b) ov (=, )
depends  on  the limit.

Theovem :
let & be a veal cont. furction on  the
stxip,

§ = iC:rm) : ’a--xa) ¢ a, Jyle o, a>=}
Gpschitz  conglition

and £ satsfty the

with wnstant € >0 . Then  the Successive

approximation ,
{"&ﬂ } af nl s ‘F(YI 3) ’ u(te‘)= Jo
inte~ val (- xo] & a

exists on e existence

and. convevges 1o o  Soln alxd of the Iv0.



Proof -
we note tHhat the vegyion is a  Btxip

and t  need not ke bounded on S.

Since £ i not bda., the proce du~e thaC
we followed in Picavag theovem +o

prove the wnvly gence 3 not app licable.
But &, 18 the n" portial  sam of e
series,

4>° + |2 (¢: = ¢L-r)

Since £ ts ndt  bdd, we follow a it
appryooch Yo prove Fhat the series  convg.
let Mo = [-4.| and M, = max ’c’) ()
Uotim  that Mo and ™, ave well  defined .
Since  go 6 Qiven o wS, Mo s well
defined . For o Sisced 3., 4(x, yo) s

tont on

x
Hence, $.(x) - P, 4 /-@(’E. '30.) dt is  cont.

on l:z- 2(.‘4 Q-

= Q,

attains

PR Y

‘&t M= M"‘ M|~
Then,
\(bel e M

(Q,(r) - 4).(13‘ z

L

| (> - *’2("‘" =

maxim.

[T—%I I

L

on ]u-xo) £ o

well  defined. .
andl H’:‘ %I £ M.
\ }m,é.) - eCt, by dt |
Yo
K-M(I-Tc)

e [16- bt =

2
\ !(””"‘") - 80, 90) dt

|00 bu| ¢

Tn aer\Qwra(,

1
k2™ (x - X0)
2

lbr\n () - Pn('x)l e ™M kh‘“"ﬂo)“

n
31 applying  Weievsfvass me thod
Picard 5 theove m, we  see tat
wrvg . to D).
Jotm ¢ s a Solution.

x
S - Yo - Im—,, P e))at
Xo

= $lx) - )j(hjr'\"

x

%o
x

J“F('E/ 4)'.[93 dt

- Jcce, $eey) olt

Ao

similay

Same

)

+o

¢ |-l + flfct,cb.)— $ce,¢)\dt

<

¢ 1em ol e % [lon ot

Ao
Sice = f aniformly, the RHS— o
n—> L.
L4
= P = Qo + f—F({-,c}Cﬂ)dC
x.
bence ¢ s a solution

of the TveP.

as






