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General Instructions

e This question paper contains five questions.

e The individual marks for every question is as written before the start of the question or the
appropriate part of the question.

e Please ensure to write the appropriate question number and its part number clearly, in the
margin, before you begin your answer to any question or its part.

¢ Kindly explain your answers adequately well. Cryptic answers without any clarity shall be
struck down without any marks.

Questions

1. Consider the collection of all semi-open intervals L of R given by
L = {[a, b) : a,beR and a<b}.

(a) (2 marks) Prove: L is a basis for a topology on R.
Suppose .77, denotes the topology generated by L and .7 denotes the standard

topology on R.
(b) (1 mark) Compare the topologies .77 and .7 .
Let Lg be given by
Lo = {[p.9) : p.geQ and p<gq}.

(c) (1 mark) Is Lg a basis for .7,.? Justify.
(d) (2 marks) Is (R, .77) a connected space? Justify.

2. Let (X, %) and (Y, 9y) be topological spaces and f : X — Y. Suppose
ACX.

(a) (1 mark) When is f said to be continuous?

(b) (1 mark) If f : X — Y is continuous, is the restriction of f on A, de-
noted by f|, : A — Y continuous? Justify.

Suppose X = R with the standard topology. Let g,h : R — R be functions
defined by

glx) = and h(x) =

x= 1fx>0.

0 ifx<0 x 1fx<0
1 ifx>0



(c) (1 mark) Is g|_., o continuous? Justify.
(d) (I mark) Is g| o, continuous? Justify.
(e) (1 mark) Is g continuous on R? Justify.
(f) (1 mark) Is A|_. o) continuous? Justify.
(g) (1 mark) Is Al ) continuous? Justify.
(h) (1 mark) Is A continuous on R? Justify.

3. (4 marks) Consider R equipped with the Euclidean metric and the discrete
metric, denoted by d and A respectively and given by
0 ifx=y

d(x,y) = |x—=y and A(x,y) .
1 ifx#y.

Let]: (R, A) — (R, d) be the identity function given by /(x) = x. Verify if
I is a homeomorphism.

4. Define the spaces Y, Y* ¢ R? as

v = ([0, 1]><{0})U(C><[o, 11). where C = {lznez+}

n

Y* = (YU({O}X[O, 1]))\{(0, 0)}.

Prove the following statements.

(a) (2 marks) Y is path connected.

(b) (2 marks) Y™ is connected.

(c¢) (2 marks) Y* is not path connected.

(d) (2 marks) Y* N (R x {1} ) is totally disconnected.

5. Let (Z,d) be a metric space and B C Z. For any z € Z, define a function
dg : Z — R given by dp(z) = inf {d(z, b):be B}.
(a) (2 marks) Prove: 'dB(zl) — dB(Zz)’ <d(z1,22), V21,22 € Z.

Fix 6 > 0 and define K; = {z e/ :dp(2) > 6}.
(b) (1 mark) Is the set K5 open or closed in Z? Justify.
(¢) (1 mark) Find }irr(l) K;s.



